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Considering two non-interacting qubits in the context of open quantum systems, it is well known
that their common environment may act as an entangling agent. In a perturbative regime the influ-
ence of the environment on the system dynamics can effectively be descried by a unitary and a dis-
sipative contribution. For the two-spin Boson model with (sub-) Ohmic spectral density considered
here, the particular unitary contribution (Lamb shift) easily explains the buildup of entanglement
between the two qubits. Furthermore it has been argued that in the adiabatic limit, adding the
so-called counterterm to the microscopic model compensates the unitary influence of the environ-
ment and, thus, inhibits the generation of entanglement. Investigating this assertion is one of the
main objectives of the work presented here. Using the hierarchy of pure states (HOPS) method to
numerically calculate the exact reduced dynamics, we find and explain that the degree of inhibition
crucially depends on the parameter s of low frequency power law behavior of the spectral density
J(ω) ∼ ωse−ω/ωc . Remarkably, we find that for resonant qubits, even in the adiabatic regime
(arbitrarily large ωc), the entanglement dynamics is still influenced by an environmentally induced
Hamiltonian interaction. We study the model in detail and present the exact entanglement dynam-
ics for a wide range of coupling strengths, distinguish between resonant and detuned qubits, as well
as Ohmic and deep sub-Ohmic environments. Notably, we find that in all cases the asymptotic
entanglement does not vanish and conjecture a linear relation between the coupling strength and
the asymptotic entanglement measured by means of concurrence. Further we discuss the suitability
of various perturbative master equations for obtaining approximate entanglement dynamics.
I. INTRODUCTION
Entanglement – this very peculiar kind of correlation,
not occurring in the classical world, is known to be a
fragile property with respect to environmental influences
[1–4]. On the other hand, such an environmental interac-
tion features also the capability to induce entanglement
[5–8], which can even last for arbitrary long times [9–11].
The investigation of these competing environmental ef-
fects [11–22] adds to the understanding of entanglement
and decoherence in the context of open quantum systems
which is not only of importance from a fundamental point
of view but is also most relevant for fields like quantum
computation, communication and metrology.
Albeit the vast amount of publications in this field,
sophisticated results for the microscopic model of sys-
tem + environment are rare even for the simple case of
two qubits coupled to a common (sub-) Ohmic environ-
ment. Therefore we investigate the two-qubit entangle-
ment by means of the numerically exact hierarchy of pure
states (HOPS) method [23–27] with two major objectives
in mind. First, we draw conclusions about the general ap-
plicability of various perturbative approaches. Favoring
the Redfield equation (RFE) is in line with previous re-
sults [28]. As expected, our considerations confirm that
in the perturbative regime the entanglement generation
is well modeled by the environmentally induced Lamb-
shift Hamiltonian mediating an effective qubit-qubit in-
teraction. Further, it has also been argued that this en-
vironmental effect on the system may be canceled by the
∗ richard.hartmann@tu-dresden.de
so-called counterterm in the adiabatic limit [29]. There-
fore, we secondly investigate the influences of the coun-
terterm on the entanglement dynamics and find that it
sensitively depends on the parameter s of the spectral
density (SD). Whereas in the Ohmic case the inhibition
of entanglement is well observed, in the deep sub-Ohmic
regime (s <∼ 0.3) a significantly larger cutoff frequency ωc
is required to see the same effect.
The model under consideration extends the prominent
spin-boson model [30] to two qubits
H = Hsys + L⊗
∑
λ
gλ(aλ + a†λ) +
∑
λ
ωλa
†
λaλ
Hsys = −ωA2 σ
A
x −
ωB
2 σ
B
x L =
1
2(σ
A
z + σBz ) .
(1)
Each qubit is modeled by the Pauli matrix σx with tun-
neling frequency ω. They are coupled via σz to a common
bosonic environment where a (a†) denotes the bosonic
annihilation (creation) operator. Note, units are chosen
such that h¯ and kB become unity. For the continuous
environment we choose a (sub-) Ohmic SD
pi
∑
λ
g2λδ(ω − ωλ) = J(ω) =
pi
2αω
1−s
c ω
se−ω/ωc , (2)
where α denotes the unitless coupling strength, ωc the
cutoff frequency of the exponential cutoff and the power
s allows to distinguish between the sub-Ohmic (s < 1),
Ohmic (s = 1) and super-Ohmic (s > 1) regime.
For such a microscopic model time local master equa-
tions provide perturbative results in the weak coupling
regime. In the case of two resonant qubits (ωA =
ωB), the widely used quantum-optical master equation
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2(QOME) [31, 32] of Gorini–Kossakowski–Sudarshan–
Lindblad (GKSL) form [33] reveals that the relaxation
dynamics is accompanied by an environmentally induced
Hermitian coupling between the two parties [28, 32, 34–
36]. This effective interaction easily explains the entan-
glement generation, even in the absence of a direct cou-
pling [17, 36, 37]. However, for the more general case
of two detuned qubits the QOME does not show entan-
glement generation [38, 39]. This is consistent since the
system dynamics experiences an additional timescale of
the order of the detuning. As a consequence, for the
QOME (the rotating wave approximation (RWA)) to be
applicable, a substantially weaker coupling is required as
compared to the resonant case (see [28]).
We show by means of numerical results that for a suf-
ficiently large coupling strength two detuned qubits be-
come entangled, too. We further investigate the question
to what extent time local master equations, other than
the QOME, approximate the exact entanglement dynam-
ics of two detuned qubits sufficiently well.
In addition, we find from the exact dynamics that even
in the weak coupling regime the entanglement of the
asymptotic state does not vanish irrespectively of the de-
tuning. The correct asymptotic value cannot be obtained
by any of the time local master equations considered here.
To further enlighten the properties of environmentally
induced entanglement we investigate the case where the
environmentally mediated unitary qubit-qubit interac-
tion is suppressed. A similar study based on GKSL type
master equations has shown that if the bath induced uni-
tary interaction is omitted, the action of the dissipator
alone can result in entanglement generation as well [40].
By means of the full microscopic model it is, a priory,
not clear how to implement this scenario since the ex-
act form of the induced unitary interaction is not known.
In the adiabatic limit, however, where the bath oscilla-
tors react instantaneously to the system dynamics [29],
it takes the form
− L2
∑
λ
g2λ
ωλ
= −αωc2 Γ(s)L
2 =: −Hc (3)
which defines the so-called “counterterm” (Γ denotes the
gamma function). Based on this reasoning, adding the
counterterm Hc to the microscopic Hamiltonian [Eq. (1)]
is assumed to suppress the bath induced unitary inter-
action [19, 41] and, thus, inhibit the buildup of entan-
glement. However, the adiabatic assumption should be
questioned for the deep sub-Ohmic regime where the low
frequency modes are especially important. We find and
explain that for finite ωc including the counterterm does
not fully suppress the entanglement generation. In addi-
tion we report the interesting phenomenon that for reso-
nant qubits even in the limit ωc →∞ the truly adiabatic
regime is never reached. That is, a significant amount of
entanglement will always be generated (and diminish af-
terwards) via an environmentally induced unitary inter-
action even in the presence of the renormalizing counter
term.
The two-spin Boson model considered here with (sub-)
Ohmic SD and exponential cutoff has also been investi-
gated by means of other numerical methods. Unfortu-
nately, the entanglement dynamics obtained using path
integral Monte Carlo (PIMC) techniques [19] does not
agree with our numerical and analytical results. As of
missing information in Ref. [11] we were not able to con-
nect our calculations to results obtained from the quasi-
adiabatic path integral (QUAPI) method. However, the
time-evolving matrix product operator (TEMPO) algo-
rithm [42], an advancement of QUAPI, gives results con-
sistent with ours.
II. INDUCED ENTANGLEMENT DYNAMICS
As a measure of the two-qubit entanglement we use
concurrence [43]. To examine its dynamics, the reduced
dynamics of the two-spin boson model specified in Eq.
(1) is obtained numerically, solving the non-linear variant
of the non-Markovian quantum state diffusion (MNQSD)
equation [44, 45] by means of the well tested HOPS ap-
proach [23–25, 27]. To use this method for a (sub-) Ohmic
environment the exact bath correlation function (BCF)
with algebraic decay has to be approximated by a sum
of exponentials where the accuracy of the approximation
can be controlled by the number of exponential terms.
Increasing the accuracy also increases the time to which
the approximation follows the algebraic decay (see Fig.
1). Further details on how the HOPS method has been
applied successfully on (sub-) Ohmic environments can
be found in Ref. [25, 27].
Throughout this work we refer to the expression c =
λ1 − λ2 − λ3 − λ4 as concurrence [43, 46] where, strictly
speaking, only the positive values of c quantify entangle-
ment. However, when comparing the dynamics of c it
seems more convenient to also show its negative values.
As usual, λi are the decreasingly sorted eigenvalues of
the matrix R =
√√
ρρ˜
√
ρ with ρ˜ = σAy σBy ρ∗σAy σBy . For
numerical reason we calculate the eigenvalues λi from the
eigenvalues ai of the matrix ρρ˜ via λi =
√
ai.
A. Exact Dynamics
To examine the properties of the entanglement genera-
tion we choose as initial condition the two-qubit product
state |ψ0〉 = |↑↑〉 and a zero temperature environment
where |↑〉 (|↓〉) is the eigenvector of σz with eigenvalue
+1 (−1). Note, for the unbiased single qubit Hamilto-
nian (σz with  = 0) considered here the initial state |↓↓〉
yields the same entanglement dynamics and is, thus, not
considered explicitly. Also, the symmetry of the resonant
Hamiltonian (1) (ωA = ωB) results in a decoherence free
subspace spanned by the Bell-state |Φ−〉 ∼ |↑↓〉 − |↓↑〉.
Therefore, since the product states |↑↓〉 and |↓↑〉 contain
a contribution from the decoherence free subspace, it is
not too surprising that entanglement is generated [11] if
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Figure 1. Details on the approximation of the (sub-) Ohmic
BCF in terms of a sum of exponentials are shown. Colored
lines refer to the approximation and black lines to the exact
BCF. For the various parameters s each approximation has
a maximum absolute error of 10−3 (see the middle panel).
Consequently, the deviations are not visible when plotting the
real/imaginary part on a linear scale (upper panel). However,
showing the absolute value on a logarithmic scale reveals how
the sum of exponentials mimics the algebraic decay up to a
certain time (lower panel).
they serve as initial condition. Consequently, they are
not considered here but will be discussed elsewhere for
detuned qubits.
As shown in Fig. 2, for the resonant case ωA = ωB
a substantial amount of entanglement builds up initially
(referred to the rescaled time tωAα(ωc/ωA)1−s) for any
weak to intermediate coupling strength as well as a sub-
Ohmic and Ohmic environment. Subsequently, the en-
tanglement diminishes. This kind of behavior can easily
be explained by the interplay between the bath induced
unitary interaction [28, 36] and the relaxation of the sys-
tem [4, 47] (see also Sec. II B 1).
Our calculations show that for the slightly detuned
scenario ωB/ωA = 0.95 the entanglement evolves very
similar to the resonant case. As expected, differences
are most prominent in the weak coupling regime. For
a larger detuning ωB/ωA = 0.8 such differences become
more significant.
Notably, our exact results reveal that in any case the
asymptotic entanglement does not vanish (see Fig. 3).
A result which cannot be obtained correctly by any of
the perturbative approaches considered in the following.
Further, the asymptotic value is rarely influenced by the
detuning. This is particularly remarkable in the weak
coupling regime where the initial dynamics is very sensi-
tive to the detuning.
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Figure 2. The dynamics of the two-qubit entanglement quan-
tified by concurrence is shown for a sub-Ohmic (s = 0.3)
and Ohmic environment with ωc = 10ωA and various cou-
pling strengths. By keeping α˜ = α(ωc/ωA)1−s constant the
relaxation takes place on the same time scale for different pa-
rameters s. In addition different detuning parameters ωB/ωA
are considered. The dynamics shown here was obtained by
the HOPS method with an exponential approximation of the
BCF which obeys an absolute error smaller than 10−3. The
dynamics obtained using an even more accurate representa-
tion is indistinguishable with respect to the shown plots. In
the same manner the convergence with respect to the hierar-
chy depth has bee checked. In this sense the dynamics shown
here is exact.
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Figure 3. The entanglement dynamics is shown with spe-
cial emphasize on the asymptotic behavior (same parame-
ters as in Fig. 2). The insets show the linear dependence
of the asymptotic entanglement as a function of the coupling
strength (double logarithmic plot).
4B. Perturbative Master Equations
In addition to the exact calculations the properties of
the dynamics obtained by perturbative master equations
are of relevance, too. The motivation is given by the
rather simple structure of such master equations which
allows to gain insights in the relevant mechanisms. How-
ever, the suitability of these perturbative approaches has
to be checked since an error estimation from within the
perturbative formalism seems unfeasible. With the help
of the exact dynamics obtained by the HOPS method
we examine the applicability of the QOME [32, 34], its
variation with only a partial rotating wave approxima-
tion (PRWA) [48–50], the Redfield equation (RFE) [51],
the very recent Markovian arithmetic geometric mean
approximation (MAGMA) [52] and the coarse-graining
approach [38, 39, 53] in the context of two indepen-
dent qubits coupled to a common environment with sub-
Ohmic SD.
1. The Rotating Wave Approximation
The great success of the QOME (Born-Markov approx-
imation and full RWA, well known GKSL form, see Ref.
[28, 32, 34]) to describe the dynamics of a single qubit
encourages the use of the same formalism for two qubits
also. Since the QOME is of GKSL form positivity of the
reduced state is assured for all times and any initial con-
dition. For the resonant case ωA = ωB it is easily seen
that the unitary contribution of the QOME (Lamb shift
term) [9, 28, 36]
HLamb =Hlocal +
S(ωA) + S(−ωA)
8
(
σAz σ
B
z + σAy σBy
)
(4)
couples the qubits such that entanglement builds up [11,
17, 36, 37] (see dashed graphs in Fig. 2). Here S denotes
the imaginary part of the half sided Fourier transform
of the zero temperature BCF αbcf which is defined by
means of the SD J(ω)
αbcf(τ) =
1
pi
∫ ∞
0
dω J(ω)−iωτ
J(ω) + iS(ω) =
∫ ∞
0
dτ αbcf(τ)iωτ .
(5)
Since the local contribution Hlocal acts on a single qubit
only it does not influence the entanglement dynamics.
Importantly, as of the RWA involved in the derivation
of the QOME, for detuned qubits ωA 6= ωB the Lamb
shift term consists only of the local part and, hence-
forth, entanglement generation is not featured by the
QOME [38]. However, as shown in Fig. 4 the exact
dynamics obtained from the HOPS method reveals that
for slightly detuned qubits entanglement is generated in
a very similar manner as in the resonant case (see also
Ref. [22, 28, 54, 55] for more detailed discussions on
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Figure 4. The entanglement dynamics obtained from the
QOME and PRWA approach is shown together with the exact
dynamics of the HOPS method for a sub-Ohmic environment
with s = 0.3, ωc = 10ωA and α˜ = 1.58 · 10−3. The short time
dynamics (left column) and long time dynamics (right col-
umn) is shown for different values of detuning ωB/ωA (rows).
Note, the QOME and the PRWA coincide in the resonant
case. Whereas the QOME is not able to predict the entan-
glement generation for detuned qubits, the PRWA approach
agrees well with the exact dynamics (except for the superim-
posed oscillations). Both master equations yield a vanishing
asymptotic entanglement whereas the exact value remains fi-
nite.
the severe consequences of the RWA on bipartite corre-
lations). Assuming that the QOME provides a suitable
approximation in some weak coupling regime it seems
contradictory that an infinitesimal change of the system
parameters results in a significant change of the dynam-
ics. The inconsistency can be resolved by recalling that
a small detuning introduces a new very slow system time
scale. Only for a decay time scale (inverse of the cou-
pling strength) much larger than the system time scale
the RWA and, thus, the QOME is applicable. This means
that the applicability of the QOME crucially depends on
the system parameters. Only in the limit of zero cou-
pling (in combination with a rescaled time, the so called
scaling-limit) the QOME becomes exact [56]. Therefore,
for a sufficiently weak coupling strength the entanglement
generation will vanish for any detuning, but remain in the
resonant case. This can, to some extent, be seen from the
exact dynamics shown in Fig. 2.
After having pointed out the severe problems in the
detuned case arising from the RWA we consider pertur-
bative approaches which aim to circumvent the RWA.
A first one, very similar to the QOME, makes use of
the RWA only partially [48–50] which results in a master
equation of GKSL kind also. The specific expression of
the master equation for the model considered here can
be found in Ref. [28]. The master equation using the
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Figure 5. The entanglement dynamics obtained from the RFE
(ρ →
√
ρρ†), the MAGMA master equation and exact dy-
namics is shown for the same parameters as in Fig. 4. For
all three detuning parameters the RFE matches the exact dy-
namics very well over a significant period of time. For larger
times deviations become apparent. Despite the fact that the
asymptotic entanglement from the RFE does not vanish it dis-
agrees with the exact value. Although slightly less accurate
the MAGMA yields comparable results to the RFE.
PRWA is constructed from the same non-local Lindblad
operators occurring in the QOME for resonant qubits.
Henceforth, the Lamb shift term is non-local and fea-
tures entanglement generation also in the detuned case.
The initial entanglement dynamics obtained from the
PRWA master equation agrees quantitatively, up to some
fast oscillation, with the exact dynamics obtained by the
HOPS method (see Fig. 4). The fast superimposed oscil-
lation are not captured because the PRWA still neglects
some secular terms. Keeping all secular terms yields
the RFE considered next. Both, the QOME and the
PRWA approach yield a vanishing asymptotic entangle-
ment which is in disagreement with the exact dynamics.
2. The Redfield Equation
Motivated by the detailed accuracy assessment of per-
turbative master equations [28] we consider not only all
secular terms but also use RFE with time dependent coef-
ficients which was shown to be the most accurate method.
As shown in Fig. 5 the high degree of accuracy also holds
for the sub-Ohmic environment considered here. The en-
tanglement dynamics obtained from the RFE with time
dependent coefficients matches very well the exact dy-
namics. Even the fast oscillations are recovered.
Small positivity violations of the reduced dynamics oc-
cur already in a regime where the accuracy is still ac-
ceptable (see Fig. 6). Consequently, using the positivity
violation as an indicator for the break down of the weak
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Figure 6. To justify the use of the positive matrix
√
ρρ† in
order to calculate the concurrence for the RFE the deviation
of ρ and
√
ρρ† from the exact state is shown using the Hilbert-
Schmidt-norm. The deviations are nearly indistinguishable
which means that
√
ρρ† approximates the exact state as good
as ρ. This is also reflected by the magnitude of the smallest
negative eigenvalue of ρ which is significantly smaller than
the deviation. In addition the absolute difference between
the exact and the RFE concurrence is shown. The error of
the concurrence is roughly of the same order of magnitude as
the error of the state. The error of the concurrence as well
as the density matrix is also plotted for the MAGMA which
shows that ensuring positivity by the structure of the master
equation results in a loss of accuracy.
coupling assumption, as proposed for a Lorentzian envi-
ronment with an exponentially decaying BCF [28], is not
that simple for a sub-Ohmic SD with a slow algebraic de-
cay of the BCF. The positivity violation is of particular
relevance here because the concurrence is not defined for
non-positive ρρ˜ even though ρ approximates the exact
state suitable well. However, since the positivity viola-
tion is of the order of the perturbative error the matrix√
ρρ† is consistent with the degree of perturbation (see
Fig. 6) while being positive by construction. This justi-
fies the calculation of the concurrence using the positive
matrix
√
ρρ† obtained from the reduced dynamics of the
RFE.
3. The Markovian Arithmetic Geometric Mean
Approximation (MAGMA)
In a recent publication the failure to quantify entan-
glement of a non-positive state in an approximative sense
has been addressed as well [52]. The proposed MAGMA
6modifies the RFE such that it becomes a master equa-
tion of GKSL type. Crucially, the environmentally in-
duced unitary influence on the system is identified from
the RFE before the approximation is applied. The justi-
fication of MAGMA is based on the relaxation time scale
in the interaction picture, roughly given by the inverse of
the coupling strength, and properties of the SD only. In
contrast to the QOME the particular spectrum of the sys-
tem Hamiltonian is irrelevant. It is, thus, expected that
the entanglement generation is well captured for any de-
tuning of the qubits. As shown in Fig. 5 this is indeed
the case. The MAGMA master equation mimics even the
fast oscillations of the entanglement dynamics, however,
slightly less accurate compared to the positive state con-
structed from the RFE dynamics (see also Fig. 6 which
shows the error). Since the MAGMA master equation is
based on the RFE it is consistent that the asymptotic
entanglement deviates from the exact value on the same
scale as the RFE result (see Fig. 5), although the value is
overestimated. This allows to conclude that the positiv-
ity issues related to the evaluation of the entanglement
can be cured slightly more accurate using the Redfield
formalism with ρ :=
√
ρρ† than applying the additional
MAGMA.
4. The Coarse-Graining Master Equations
An alternative path towards a master equation for the
microscopic model which assures positive dynamics is
the so-called coarse-graining procedure [38, 39, 53]. It
has been proposed precisely with the aim to overcome
the limitations due to the RWA. In particular for the
case of two detuned qubits entanglement generation has
been shown using such a coarse-graining master equa-
tion (CGME) [38]. We confirm this result for a common
sub-Ohmic environment (see Fig. 7). However, the quan-
titative comparison for a sub-Ohmic environment with
s = 0.3 and ωc = 10ωA shows that the CGME does not
reach the accuracy of the PRWA. To understand the de-
viation of the CGME recall that the condition for its ap-
plicability reads τenv  τ  τind. [28]. The environmen-
tally induced timescale for the system dynamics scales
with the inverse coupling strength. From the exact dy-
namics in Fig. 7 its follows τind ≈ 0.1(α˜ωA)−1 ≈ 60ω−1A .
Although the decay time of the BCF scales with the cut-
off frequencies τenv ∼ ω−1c the particular time at with the
BCF has decayed over, for example, 2 orders of magni-
tude is τenv,2 ≈ 102/(s+1)ω−1c . For the example consid-
ered here it follows τenv,2 ≈ 3.5ω−1A . Obviously, a clear
separation of the three timescales is not justified.
5. Summary
As expected, the approach with the least approxima-
tions, namely the RFE with time dependent coefficients,
yields the most accurate results for the entanglement dy-
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Figure 7. The entanglement dynamics of the CGME is shown
for comparison (same environmental parameters as in Fig. 4).
Since the QOME is justified in the resonant case it is not sur-
prising that for large coarse-graining parameters τ the CGME
yields good results too. For the detuned case the entangle-
ment generation is still visible, in contrast to the QOME.
However, the PRWA agrees better with the exact results than
the CGME (see the text for a discussion about the time scale
separation required by the CGME).
namics of two qubits coupled to a common sub-Ohmic
environment. Positivity violations can consistently be
healed by using the positive matrix
√
ρρ† to estimate
the concurrence. The PRWA, which coincides with the
QOME in the resonant case, yields the correct overall
dynamics while missing faster oscillations. The CGME
is less appropriate for the set of parameters considered
here. Note that the recent MAGMA master equation
outperforms the other GKSL-type master equations in
terms of accuracy. However, as of the simple structure of
the PRWA, we use this approach together with the exact
results to illuminate the influence of the counterterm in
the next section. The reasoning could equally well have
been done based on the MAGMA master equation since
due to the weak coupling both approaches yield nearly
indistinguishable dynamics.
III. INFLUENCE OF THE COUNTERTERM
To recapitulate the motivation for the counterterm –
compensation of the environmentally induced unitary ef-
fect on the system dynamics – a particle with position q
and momentum p moving in a potential V (q) and cou-
pled to a set of harmonic oscillators with position (mo-
mentum) xλ (pλ) is considered. The linear coupling
−∑λ Fλ(q)xλ to the environmental modes renormalizes
the potential affecting the particle. It has been argued
that in the adiabatic regime (instantaneous adjustment
of the environmental modes to the particle position) the
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Figure 8. The influence of the counterterm Hc on the entanglement dynamics for two resonant qubits is shown (blue lines: exact
dynamics without Hc, orange lines exact dynamics including Hc, ωc/ωA = 10). For weak and intermediate coupling strength
the influence is evidently visible in the Ohmic case, however, diminishes in the deep sub-Ohmic regime. It seems obvious
that if the counterterm compensates the Lamb shift Hamiltonian in the weak coupling regime the QOME with dissipator only
(dashed line) should yield a similar behavior to the exact dynamics including the counter term (orange line). The second row
shows that this assertion holds in the Ohmic case but fails spectacularly for small values like s = 0.3. This behavior is further
confirmed by looking at the unitary dynamics only (third row). The system Hamiltonian in combination with the Lamb shift
results in generation of entanglement (green line) which is reflected by the short time dynamics of the exact dynamics without
the counterterm (blue line). Adding the counterterm (purple line) the entanglement buildup is slowed down significantly in the
Ohmic case. Therefore, on the timescale of the relaxation the counterterm cancels the effect of the Lamb shift term. However,
the speed of the entanglement generation increases with decreasing s (purple lines) which manifests that the counterterm
cancels the Lamb shift term less effectively for small s.
effective potential becomes [29]
Veff(q) = V (q)−
∑
λ
Fλ(q)2
2mλω2λ
. (6)
For a mode independent coupling operator Fλ(q) =
cλF (q), as in Eq. (1), the Hamiltonian
H = p
2
2M + V (q)+∑
λ
[
p2λ
2mλ
+ mλω
2
λ
2
(
xλ − cλ
mλω2λ
F (q)
)2]
(7)
compensates the change of the potential. It is assumed
that the same holds true when casting the above Hamil-
tonian to the more abstract form of Eq. (1). In particular
the relations gλ
√
2mλωλ = cλ and L = −F (q) yield for
the counterterm
Hc =
∑
λ
c2λF (q)2
2mλω2λ
=
∑
λ
g2λ
ωλ
L2 = 1
pi
∫ ∞
0
dω J(ω)
ω
L2.
(8)
For the class of (sub-) Ohmic SD, as given in Eq. (1),
the counterterm evaluates to Hc = αωc2 Γ(s)L2.
Note that for two non-interacting qubits it is primarily
the environmentally induced unitary interaction which
generates entanglement. Therefore, including the coun-
terterm is expected to suppress the generation of entan-
glement. Its influence on the entanglement dynamics is
shown in Fig. 8 (resonant qubits) and Fig. 9 (detuned
qubits). Two main features are observed. First, with de-
creasing s (going from the Ohmic to the deep sub-Ohmic
regime) the impact of the counterterm becomes less, in-
dependent of the coupling strength (see first and second
row in Fig. 8). Second, for weak coupling and s = 1
the entanglement dynamics including the counterterm is
very well mimicked by the action of the dissipator only of
the PRWA master equation (which becomes the QOME
in the resonant case). This shows that the counterterm
does compensate the induced energy shift up to a cer-
tain level. However, for s = 0.3 the exact dynamics,
hardly influenced by Hc, does not agree with the dissipa-
tive dynamics in the perturbative regime. Consequently
the above assertion about the effect of the counterterm
does not hold true in the deep sub-Ohmic regime.
To understand this behavior we investigate the dynam-
ics in the weak coupling regime. In that regime the RFE
is known to be very accurate [28]. Using asymptotic co-
efficients it reads
ρ˙(t) = −i[Hsys, ρ(t)] +
∑
i
(F (ωi)[Lωiρ(t), L] + h.c.) (9)
where Lωi =
∑
{,′|′−=ωi} |〉〈|L|′〉〈′| is the decom-
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Figure 9. For slightly detuned qubits (ωB/ωA = 0.95) and a
cutoff frequency ωc/ωA = 10 the entanglement dynamics un-
der the influence of the counterterm is shown (same coloring
as in Fig. 8). As of the detuning the PRWA master equa-
tion is used to obtain the perturbative dynamics. Similar to
the case of resonant qubits, the counterterm approximately
cancels the Lamb shift term in the Ohmic case. As shown in
the lower left panel, the exact dynamics including the counter
term (orange line) agrees with the dynamics under the action
of the PRWA dissipator only (dashed black line). However,
this expected behavior is not observed for a sub-Ohmic SD
with small s. Including the counterterm rarely affects the
entanglement dynamics (blue and orange lines, lower right
panel). The influence of the cutoff frequency is shown in Fig.
11.
position of the coupling operator by means of projectors
of eigenstates of the system Hamiltonian Hsys|〉 = |〉.
It is well known that in the GKSL-formalism the real
part of F (ω) =
∫∞
0 dτ αbcf(τ)e
iωτ = J(w)+iS(ω), which
is the SD, accounts for dissipative dynamics whereas the
imaginary part determines the unitary contribution. Un-
der the assumption that the particular values S(ωi) can
be approximated by S(0) (recall ωi takes the value of
all possible transition frequencies of the system Hamil-
tonian) the corresponding contribution in the RFE be-
comes
i
∑
i
(S(ωi)[Lωiρ(t), L] + h.c.) ≈ −iS(0)[L2, ρ(t)] (10)
where we have used that by definition L =
∑
i Lωi . Note,
the proposition that S(ωi) ≈ S(0) does not imply that
J(ωi) ≈ J(0). For zero temperature S(ω) is related to
the SD by
S(ω) = − 1
pi
P
∫ ∞
0
dω′ J(ω
′)
ω′ − ω (11)
where P denotes the Cauchy principal value. We finally
conclude that given S(ωi) ≈ S(0) the unitary contribu-
tion in the perturbative treatment (Lamb shift term) is
approximately canceled by the counterterm
HLamb = S(0)L2 = − 1
pi
∫ ∞
0
dω′ J(ω
′)
ω′
L2 = −Hc . (12)
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Figure 10. The behavior of the imaginary part of the half-
sided Fourier transform of the BCF S(ω) is shown for different
parameters s. (solid lines: exact analytic expression, dashed
lines: expansion around zero, dots: numeric Fourier integral)
For the class of (sub-) Ohmic SD the validity of the
assumption S(ωi) ≈ S(0) depends on the parameter s
in a very sensitive way. To see that, it is convenient to
expand the function S(ω) by introducing x = ω/ωc. Ex-
pressing F (ω) analytically and expanding the incomplete
gamma function for small x yields
S(x) =− αΓ(s)2 ωce
−xf(s, x)
f(s, x) =
{
1 + sg(s, x)Γ(−s)|x|s + sxs−1 +O(x2) s < 1
1− x ln(|x|) + (1− eγ)x+O(x2) s = 1
g(s, x) = cos(pis)Θ(x) + Θ(−x)
(13)
where eγ denotes the Euler–Mascheroni constant and Θ
the Heaviside step function. The expansion shows that
the lowest order behaves like |x|s in the sub-Ohmic and
x log(|x|) in the Ohmic case (see Fig. 10 for examples).
Thus, the convergence rate for S(x) to approach S(0)
decreases with s. In addition, for positive x the term
∼ |x|s changes its sign at s = 0.5 which results in a
pointed minimum at S(0) for s < 0.5.
This behavior explains that the cancellation of the
Lamb shift by the counterterm fails spectacularly for
small s. The dynamics of these Hermitian contribu-
tions are also shown in Fig. 8 (bottom row). As ex-
pected, the pure influence of the Lamb shift on the sys-
tem Hamiltonian results in oscillatory dynamics of the
concurrence (green graph). Adding the counterterm Hc
(purple graph) yields a significantly slower generation of
entanglement for s = 1. The two contributions compen-
sate, at least approximately, on the relaxation time scale.
However, for s = 0.3 the effect of including Hc is far from
cancellation – entanglement is generated even slightly
faster. This behavior is directly captured by the exact
entanglement dynamics of the two-spin-boson model cal-
culated using the HOPS method (Fig. 8 and Fig. 9).
The above considerations suggest that in the limit
ωc/ωA → ∞, where the approximation S(ωi) ≈ S(0)
becomes exact, the counterterm should truly cancel the
Lamb shift contribution. This behavior is confirmed by
the example shown in Fig. 11 where the entanglement
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Figure 11. The entanglement dynamics (including the coun-
terterm) is shown (red lines) for a sub-Ohmic environment
with s = 0.3 and |S(0)|/ωA = 0.03 = α˜Γ(s)ωsc/ωsA/2 while
increasing the cutoff frequency ωc from top to bottom, hence
α˜ decreases. As expected, for the detuned case increasing ωc
results in a more effective compensation of the Lamb shift
contribution by the counterterm (black solid line). This ex-
plains that the exact entanglement dynamics (red line) ap-
proaches the dynamics obtained by the PRWA master equa-
tion under the action of the dissipator only (dashed line).
Remarkably, for resonant qubits (right column) this expecta-
tion is not fulfilled. In that case the joint unitary dynamics
Hsys +HLamb +Hc (black solid line) builds up entanglement
on the same time scale as the dissipation takes place. Conse-
quently, the exact dynamics does not approach the dynamics
of the QOME under the action of the dissipator only (dashed
line). This qualitative difference originates from the time scale
set by the detuning which is independent of ωc (gray vertical
lines). Note, this time scale decreases on the rescaled time
α˜tωA while increasing ωc. Since the entanglement dynamics
of the joint unitary part is periodic on that time scale, but the
buildup takes place on the time scale set by ∆S ∝ S0 (con-
stant on the rescaled time), the generation of entanglement is
effectively suppressed.
dynamics of two detuned qubits (left column) approaches
the purely dissipative dynamics when increasing the cut-
off frequency.
Remarkably, this does not hold true for resonant qubits
(see right column in Fig. 11). To affirm that this effect
remains even in the limit ωc/ωA → ∞ we argue as fol-
lows. The remaining Hermitian contribution HLamb +Hc
scales in lowest order like
∆S = S0 − S(ωA) ∼ S0
(
ωA
ωc
)s
(14)
which sets the timescale on which the unitary interaction
induced by the Hamiltonian [Eq. (7)] takes place. Obvi-
ously, increasing ωc increases that timescale which could
mean an effective cancellation if the damping takes place
on a faster time scale. It turns out, however, that this
is not the case since the damping rate γ, determined by
the SD at the resonance frequency, scales with ωc in the
same manner. This can be seen by expressing the cou-
pling strength in terms of S0 and expanding the SD in
lowest order in ωA/ωc
γ ∼ J(ωA) ∼ S0
(
ωA
ωc
)s
. (15)
In summary we find the counter-intuitive result that for
two resonant qubits and a sub-Ohmic environment the
effect of the Lamb shift contribution is not compensated
by the counterterm, even in the limit ωc → ∞ which
is usually considered the adiabatic limit. Consequently,
the entanglement generation beyond the purely dissipa-
tive contribution remains for any ωc. This, in particular,
stays in contrast with the results presented in Ref. [19].
The authors claim that for sufficiently weak coupling the
model including the counterterm (as in Eq. 7) does not
result in any entanglement generation for the two qubits.
IV. CONCLUSIONS
In the context of an open two-qubit system we address
the fundamental question: To what extent does the incor-
poration of the counterterm into the microscopic model
counterbalance the effect of the Lamb shift Hamiltonian
and, thus, inhibit the environmentally induced genera-
tion of entanglement? The answer requires some prereq-
uisites which we provided and discussed as well. First of
all we used the well tested HOPS method to obtain the
exact entanglement dynamics. With the exact dynamics
at hand we were able to assess the accuracy of various
perturbative approaches. We found that the RFE yields
the most accurate results which is not too surprising since
it involves the least approximations. We argued that pos-
itivity violations can be consistently dealt with by using
the positive matrix
√
ρρ† to estimate the amount of en-
tanglement. However, to answer our main question a
master equation of GKSL kind is desirable which clearly
separates the unitary from the dissipative influence of
the environment. As expected, we confirm that the mas-
ter equation based on the MAGMA as well as PRWA
yield acceptable entanglement dynamics also for detuned
qubits. Concerning the above assertion, if the Lamb
shift Hamiltonian (unitary influence of the environment)
is truly compensated by the counterterm the resulting
dynamics should match the perturbative dynamics ob-
tained by the master equation under the exclusive action
of the dissipator in the weak coupling regime. Therefore,
we compared the exact dynamics including the counter
term with the dissipator only dynamics of the PRWA ap-
proach. The MAGMA approach could have been used
equally well. It is clear, that for finite ωc, if at all,
the compensation is only approximate. We found that
for an Ohmic environment the exact dynamics matches
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fairly well the dissipative dynamics of the perturbative
approach – the counterterm compensates the Lamb shift
Hamiltonian in some sense. However, decreasing s (sub-
Ohmic environment) while keeping ωc constant worsens
the compensation. For small s <∼ 0.3 the entanglement
generation is rarely influenced by the counterterm. This
behavior can be traced back to the power law behavior
of S(ω) ∼ |ω/ωc|s, the imaginary part of the half sided
Fourier transform of the BCF, and is amplified by the
pointed minimum of S(ω) at ω = 0 for s < 0.5. Remark-
ably, for resonant qubits and a sub-Ohmic environment
even in the adiabatic limit ωc → ∞ the entanglement
generation cannot be modeled solely by the dissipator
of the perturbative master equation. We showed that
on the one hand, increasing ωc slows down the genera-
tion of entanglement, which is due to the still imperfect
compensation. On the other hand the relaxation time in-
creases in precisely the same manner. Consequently, even
in the limit ωc → ∞ the entanglement dynamics is in-
fluenced by the infinitesimal non-zero difference between
the Lamb shift Hamiltonian and the counterterm.
In summary, for an environment with finite ωc includ-
ing the counterterm in the microscopic model does not
imply that the unitary influence of the environment on
the system is canceled. For the general detuned case,
in order to achieve the same level of compensation while
going from the Ohmic to the deep sub-Ohmic regime the
cutoff frequency ωc needs to be increased. It is a spe-
cial property of two resonant qubits that even tough the
Lamb shift Hamiltonian and the counterterm approach
each other in the large cutoff regime the entanglement
dynamics is influenced significantly by the remaining in-
finitesimal difference.
Alongside these main findings we reported that in
a perturbative regime the RFE with time dependent
coefficients yields the most accurate entanglement dy-
namics when curing positivity issues by the replacement
ρ→
√
ρρ†. The recently proposed MAGMA which guar-
antees positivity yields results which qualitatively agree
with the RFE while being less accurate. Applying the
RWA only partially yields reasonable entanglement be-
havior (superimposed fast oscillations are obviously miss-
ing) also for detuned qubits. As of the rather small cutoff
frequency considered here and the slow algebraic decay
of the BCF the CGME is not suitable. These findings are
in line with results in Ref. [28] obtained for a Lorentzian
environment.
In addition we report that although the initial entan-
glement generation is followed by a decay, the asymp-
totic value of entanglement does not vanish for the initial
states |↑↑〉 and |↓↓〉. From the exact numeric solution we
find a linear relation between the asymptotic entangle-
ment and the coupling strength. None of the perturbative
methods considered here capture this feature correctly.
Further, independent of the particular model and
based on the RFE we argued that the Lamb shift Hamil-
tonian and the countertem cancel up to some error which
is related to approximation S(ωi) ≈ S(0) for all ωi
where ωi denote all possible transition frequencies of the
system Hamiltonian. For a (sub-) Ohmic environment
this approximation becomes exact in the adiabatic limit
ωc →∞. This, however, does not necessarily imply that
the dynamics is not influenced by the remaining very
small unitary influence of the environment, as explained
above.
We gratefully acknowledge fruitful discussions with
Kimmo Luoma, Valentin Link, Konstantin Beyer and
Dario Egloff. We also thank the IMPRS "Many-Particle
Systems in Structured Environments" for their support.
The computations were performed on a Bull Cluster pro-
vided at the Center for Information Services and High
Performance Computing (ZIH) at TU Dresden.
[1] W. H. Zurek, Reviews of Modern Physics 75, 715 (2003).
[2] W. Dür and H.-J. Briegel, Physical Review Letters 92
(2004), 10.1103/PhysRevLett.92.180403.
[3] M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P.
Walborn, P. H. S. Ribeiro, and L. Davidovich, Science
316, 579 (2007).
[4] T. Yu and J. H. Eberly, Science 323, 598 (2009).
[5] D. Braun, Phys. Rev. Lett. 89, 277901 (2002).
[6] M. S. Kim, J. Lee, D. Ahn, and P. L. Knight, Phys. Rev.
A 65, 040101 (2002).
[7] A. Isar, Open Systems & Information Dynamics 16, 205
(2009).
[8] L. Mazzola, S. Maniscalco, J. Piilo, K.-A. Suominen,
and B. M. Garraway, Physical Review A 79 (2009),
10.1103/PhysRevA.79.042302.
[9] F. Benatti and R. Floreanini, J. Phys. A: Math. Gen. 39,
2689 (2006).
[10] T. Zell, F. Queisser, and R. Klesse, Phys. Rev. Lett.
102, 160501 (2009).
[11] M. M. Sahrapour and N. Makri, J. Chem. Phys. 138,
114109 (2013).
[12] M. Dubé and P. C. E. Stamp, International Journal of
Modern Physics B 12, 1191 (1998).
[13] K. Życzkowski, P. Horodecki, M. Horodecki, and
R. Horodecki, Phys. Rev. A 65, 012101 (2001).
[14] A. M. Basharov, J. Exp. Theor. Phys. 94, 1070 (2002).
[15] L. Jakóbczyk, J. Phys. A: Math. Gen. 35, 6383 (2002).
[16] S. Schneider and G. J. Milburn, Phys. Rev. A 65, 042107
(2002).
[17] K. Lendi and A. J. van Wonderen, J. Phys. A: Math.
Theor. 40, 279 (2006).
[18] J. P. Paz and A. J. Roncaglia, Phys. Rev. Lett. 100,
220401 (2008).
[19] D. Kast and J. Ankerhold, Phys. Rev. B 90, 100301
(2014).
[20] L. Aolita, F. de Melo, and L. Davidovich, Rep. Prog.
Phys. 78, 042001 (2015).
[21] T. Deng, Y. Yan, L. Chen, and Y. Zhao, The Journal of
11
Chemical Physics 144, 144102 (2016).
[22] P. R. Eastham, P. Kirton, H. M. Cammack, B. W. Lovett,
and J. Keeling, Phys. Rev. A 94, 012110 (2016).
[23] D. Suess, A. Eisfeld, and W. T. Strunz, Phys. Rev. Lett.
113, 150403 (2014).
[24] P.-P. Zhang and A. Eisfeld, J. Phys. Chem. Lett. 7, 4488
(2016).
[25] R. Hartmann and W. T. Strunz, Journal of Chemical
Theory and Computation 13, 5834 (2017).
[26] P.-P. Zhang, C. D. B. Bentley, and A. Eisfeld, The Jour-
nal of Chemical Physics 148, 134103 (2018).
[27] R. Hartmann, M. Werther, F. Grossmann, and W. T.
Strunz, J. Chem. Phys. 150, 234105 (2019).
[28] R. Hartmann and W. T. Strunz, Physical Review A 101
(2020), 10.1103/PhysRevA.101.012103.
[29] U. Weiss, Quantum Dissipative Systems (World Scien-
tific, Singapore, 2008).
[30] A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A.
Fisher, A. Garg, and W. Zwerger, Rev. Mod. Phys. 59,
1 (1987).
[31] E. B. Davies, Communications in Mathematical Physics
39, 91 (1974).
[32] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, Oxford,
New York, 2007).
[33] D. Chruściński and S. Pascazio, Open Syst. Inf. Dyn. 24,
1740001 (2017), arXiv:1710.05993.
[34] S. Kryszewski and J. Czechowska-Kryszk,
arXiv:0801.1757 [quant-ph] (2008), arXiv:0801.1757
[quant-ph].
[35] R. S. Whitney, J. Phys. A: Math. Theor. 41, 175304
(2008).
[36] D. P. S. McCutcheon, A. Nazir, S. Bose, and A. J.
Fisher, Physical Review A 80 (2009), 10.1103/Phys-
RevA.80.022337.
[37] D. Solenov, D. Tolkunov, and V. Privman, Physical Re-
view B 75 (2007), 10.1103/PhysRevB.75.035134.
[38] F. Benatti, R. Floreanini, and U. Marzolino, Phys. Rev.
A 81, 012105 (2010).
[39] C. Majenz, T. Albash, H.-P. Breuer, and D. A. Lidar,
Phys. Rev. A 88, 012103 (2013).
[40] F. Benatti, R. Floreanini, and M. Piani, Phys. Rev. Lett.
91, 070402 (2003).
[41] P. P. Orth, D. Roosen, W. Hofstetter, and K. Le Hur,
Phys. Rev. B 82, 144423 (2010).
[42] A. Strathearn, P. Kirton, D. Kilda, J. Keeling, and B. W.
Lovett, Nature Communications 9, 3322 (2018).
[43] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[44] L. Diósi, N. Gisin, and W. T. Strunz, Phys. Rev. A 58,
1699 (1998).
[45] W. T. Strunz, L. Diósi, and N. Gisin, Phys. Rev. Lett.
82, 1801 (1999).
[46] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022
(1997).
[47] A. R. Carvalho, F. Mintert, S. Palzer, and A. Buchleit-
ner, The European Physical Journal D 41, 425 (2007).
[48] N. Vogt, J. Jeske, and J. H. Cole, Physical Review B 88,
174514 (2013).
[49] J. Jeske, D. J. Ing, M. B. Plenio, S. F. Huelga, and
J. H. Cole, The Journal of Chemical Physics 142, 064104
(2015).
[50] T. V. Tscherbul and P. Brumer, J. Chem. Phys. 142,
104107 (2015).
[51] A. G. Redfield, IBM J. Res. Dev. 1, 19 (1957).
[52] D. Davidovic, arXiv:2003.09063 [quant-ph] (2020),
arXiv:2003.09063 [quant-ph].
[53] G. Schaller and T. Brandes, Phys. Rev. A 78, 022106
(2008).
[54] C. Fleming, N. I. Cummings, C. Anastopoulos, and B. L.
Hu, J. Phys. A: Math. Theor. 43, 405304 (2010).
[55] J. Ma, Z. Sun, X. Wang, and F. Nori, Phys. Rev. A 85,
062323 (2012).
[56] E. B. Davies, Mathematische Annalen 219, 147 (1976).
